
Name:

Digit Fidgets Part 1
1. Use long division to find the decimal expansions for 1/7, 2/7, and 3/7. Show your long division

work for the three problems on a separate piece of paper (labeled with your name).

• 1

7
=

• 2

7
=

• 3

7
=

2. Look at your decimal expansions in the last problem. What pattern do you notice, and why
does it occur?

3. Use the pattern you noticed to predict the decimal expansions for 4/7, 5/7, and 6/7.

• 4

7
=

• 5

7
=

• 6

7
=

4. Look again at your long division process for 1/7. Circle the remainder that occurred at each
step of the process.



5. Using the circle of numbers below, draw lines with arrows to show how one remainder leads
to another when dividing by 7. (For example, when you begin with 1, the next step in long
division causes you to append a zero to make 10, to multiply 7 by 1 to get 7, and to subtract
that from 10 to get 3. So the remainder of 1 leads to a remainder of 3 at the next step. On
your circle design, draw an arrow from the 1 to the 3.) You should draw a loop from 0 to
itself because a remainder of 0 at one step implies that if you kept going you would get a
remainder of 0 at the next step.

0

1

2

34

5

6

6. When dividing by 7, why don’t you ever get a remainder of 7, 8, or a larger number during
the long division process?

7. Based on the previous idea, how long might the repeating part of 1/47 be at the most?

8. Use a calculator to compute all of the digits in the repeating part of 1/47. (HINT: you can
do this using a feeble calculator by starting with 1/47. My feeble calculator gives 0.0212766
before it runs out of digits. I cannot trust the last digit (6) because it might be rounded, so
all I know for sure is that it begins 0.021276. I can look for another fraction with a number
over 47 which picks up where this one left off. I will look for one that starts 0.276.... After
some guessing, I find 13/47=0.2765957, of which the last digit (7) is suspect and cannot be
used. Tacking this onto the 1/47, I now have 0.021276595. I can now look for a fraction over
47 that begins .595... ) Show the fractions you use to find all of the digits on your other piece
of paper.



Name:

Digit Fidgets Part 2
1. Draw the remainder web for thirteenths.
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2. Draw the remainder web for elevenths.
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3. Use a calculator to find the complete decimal expansion for 1/29. Show your work on a
separate piece of paper (you don’t need to show the long division steps, but you do need to
show what you put into the calculator and what the results were).



Name:

Digit Fidgets Part 3
So far, we have turned fractional representations of rational numbers into the corresponding decimal
expansions. Today, we will find fractions that correspond to a given decimal expansion.

1. Write the number 0.257 in the space below and write a label showing the place value of each
of the four digits. (A few examples of place value labels, in no particular order, include tenths,
ones, hundreds, and thousandths).

2. Write 0.257 as a fraction. (Hint: figure out the place value of the last digit. This will tell
you the denominator of the fraction. The digits following the decimal point will form the
numerator.)

3. Write 0.54 as a fraction.

4. Write 0.235 as a fraction.

5. Write 0.3002 as a fraction.

6. Write 0.16709 as a fraction.

7. Write 0.005183 as a fraction.

8. Write 0.0005 as a fraction.



When the decimal expansion of a rational number does not terminate, we must work a little harder
to find a way to write it as a fraction. Let’s find a way to write 0.3 as a fraction. The bar over the
3 means that the 3s repeat forever to the right.

Let x = 0.3. In other words, x is the rational number we are working with. Now we do the
following.

10x = 3.3333 . . .
−x = −0.3333 . . .
9x = 3

So x =
3

9
=

1

3
. If you divide 1 by 3 using a calculator, it will show 0.33333333 . . . for as many digits

as will fit on the screen.

Let’s try one that has a longer repeating part. Suppose that y = 0.17. Because the repeating part
is two-digits long, multiplying by 10 will not work. Try it that way to see why! Instead, we multiply
by 100 this time.

100y = 17.171717 . . .
−y = −0.171717 . . .
99y = 17

So y =
17

99
. If we divide 17 by 99 using a calculator, it will show 0.171717 . . . for as many digits as

will fit on the screen. (The calculator may round the last 1 to a 2 depending on how many digits
it can show.)

Write the following rational numbers as fractions with whole numbers in the numerator and de-
nominator. Show your work on a separate piece of paper. Look carefully at the location of
the over-line in the last two problems!

9. 0.4

10. 0.79

11. 0.145

12. 0.1234

13. 0.43

14. 6.2701



Name:

Digit Fidgets Part 4
1. Is it possible for a rational number to have a decimal form that does not repeat or terminate?

Why or why not?

2. Suppose we have a number whose decimal representation repeats. Is the number necessarily
rational or could it be irrational? If the number is rational, how could we find the fractional
form?

3. Assuming that the pattern shown continues, is the following number rational or irrational?
Why? 0.12345678910111213141516171819202122 . . .

4. Assuming that the pattern shown continues, is the following number rational or irrational?
Why? 0.123456789123456789123456789 . . .

5. Assuming that the pattern shown continues, is the following number rational or irrational?
Why? 0.1001000100001000001 . . .

6. Write a rational number that is between 0.002 and 0.003

7. Write an irrational number that is between 0.002 and 0.003



8. Write a rational number that is between 0.12 and 0.120

9. Write a number that is between the following two numbers:
0.01001000100001000001 . . .
0.1001000100001000001 . . .

10. Carefully read the two theorems and proofs below. On a separate sheet of paper, reflect in
a mathematically meaningful way about them. (For example, do you think they are both
correct? Is there anything strange going on?)

Theorem:

0.9999 = 1

Proof:

Let x = 0.9999, where the bar over the 9 means that the 9s repeat forever to the right.
10x = 9.9999
−x = −0.9999
9x = 9

So x = 1.

Quod Erat Demonstrandum!

Theorem:

9999.0 = −1

Proof:

Let x = 9999.0, where the bar over the 9 means that the 9s repeat forever to the left.
0.1x = 9999.9
−x = −9999.0

−0.9x = 0.9
So x = −1.

Quod Erat Demonstrandum!


