
Nim Games
Nim Games are a family of complete-information, two-player, deterministic games. While they can be fun
to play and fun to win, the real object is to see whether you and your opponent can work together to figure
out a winning strategy.

Find a partner. If necessary, a group of three may work together, but only two will actually play each
game. Each person must turn in the items below, but you may work together to decide what to write
down. While you work on these games, you should do the following:

• Write the name of each game that you play. You should work through the first five games, but after
that, you do not need to go in order – play whichever games sound most interesting.

• Try to write conjectures (guesses) relating to the winning strategy for the game or for a collection of
games with certain types of rules.

• Try to find supporting evidence for your conjectures or counter-examples refuting them. Write these
down. Don’t erase or be embarrassed if your conjectures turned out wrong! If you are never wrong
in mathematics, you are not doing anything interesting. Be proud of your failures and try for more
by making daring conjectures!

• Another useful kind of observation for this activity is to look for games that have similar strategies
even though the games seem different at first. If you notice any isomorphic games, note that on your
paper.

• Try to find the complete winning strategy for the game and write it down. What should a person do
to win no matter what the opponent does? Write this winning strategy down for the game. Prove
that your strategy always works if you can.

• Before moving on, try to make up your own variants of the game you just played. Write these ideas
down and try playing them if you like. Making up your own questions is an extremely important
mathematical ability, even if you cannot answer the questions you ask.

Starting Games
Add: 1 to 4. Goal: 20, Addition Nim.

• The object of the game is to be the first one to reach “20”.
• The first person must start at “0”.
• Each person may add 1, 2, 3, or 4 to the running total. Each person must start with the total

the last person produced.
• For example, the first person can say “0+ 1 = 1”, or “0+ 2 = 2”, or “0+ 3 = 3”, or “0+ 4 = 4”.
• If the first person says “0 + 2 = 2”, then the second person could say “2 + 1 = 3”, “2 + 2 = 4”,

“2 + 3 = 5”, or “2 + 4 = 6”.
• Whoever produces a sum of 20 wins the game.

Add: 1 to 5. Goal: 30, Addition Nim. The rules are the same as in the previous game, but this time
the first person to reach 30 wins the game and each player may add 1, 2, 3, 4, or 5.

Add: 1 to 3. Goal: 20, Addition Nim. The rules are the same as in the previous games, but this time
the first person to reach 20 wins the game and each player may add 1, 2, or 3.

Add: 1 to 4. Goal: 21, Addition Nim. The rules are the same as in the previous games, but this time
the first person to reach 21 wins the game and each player may add 1, 2, 3, or 4.

Add: 1/2, 1/4, or 1/8. Goal: 3, Fraction Addition Nim. Start this game by drawing a number line
from 0 to 3 with all of the 1/2s, 1/4s, and 1/8s labeled. The first player starts at zero and adds 1/2,



1/4, or 1/8 on each turn. Whoever lands exactly at 3 wins. Overshooting the 3 is not allowed. Each
turn, the player should draw an arrow from the starting number to the number obtained by adding
the chosen fraction. The number added should be written above the arrow. The player should also
say the addition problem out loud. For example “Zero plus one fourth equals one fourth”, or later
in the game “One and seven eighths plus one half equals two and three eighths.”

Additional Games
Add: 1 to 10. Goal: 100, Addition Nim. The rules are the same as in the previous Addition games,

but this time the first person to reach 100 wins the game and each player may add any number
between 1 and 10.

Add: 1 to 4. Goal: 8,132, Addition Nim. OK, this game would take too long to actually play. How-
ever, can you find the winning strategy anyway?

Removing Tokens. Twenty tokens are placed on a table. Two players take turns removing them. At
each turn, a player must remove one, two, three, or four tokens. Whoever takes the last token wins.

Subtracting from 100. Players start from 100, and subtract a natural number between one and ten
from the current total. The player who makes the total equal to 0 wins.

Counting by 5s. Players start at 370, and take turns counting by 5s, continuing on each time from
where the previous player left off. On each turn, a player may say one, two, three, or four numbers.
Whoever reaches 600 first wins.

Counting backwards by 10s. Players start at 821, and take turns counting back by 10s. On each turn,
a player may say one, two or three numbers. Whoever reaches 571 first wins.

The Poison Token. Change the “Removing Tokens” game so that the loser is the player who takes the
last token.

Breaking Chocolate. Start with a rectangular chocolate bar with perforated rectangles which is 6 × 8
rectangles in size. A legal move is breaking the remaining chocolate into two pieces along a single
horizontal or vertical perforation and placing one of the pieces in the chocolate jackpot. Whoever
makes the last possible break wins the chocolate jackpot, and the other player gets the leftover square.

Poisoned Chocolate. This game is played with the same rules as before, except that whoever makes the
last possible break loses.

Cartesian Chase. Begin by creating a rectangular grid with a fixed number of rows and columns. The
first player begins by placing a mark in the bottom left square. On each turn, a player may place
a new mark directly above, directly to the right of, or diagonally above and to the right of the last
mark placed by the opponent. Play continues in this fashion, and the winner is the player who places
a mark in the upper right hand corner first.

The Asymmetric Rook. On some starting square of an 8 × 8 chessboard there is an “asymmetric rook”
that can move either to the left or down through any number of squares. Alice and Bob take turns
moving the rook. The player unable to move the rook loses.

Match Pile. There are 25 matches in a pile. A player can take 1, 2, or 4 matches at each turn. Whoever
removes the last match wins.

Two Match Piles. There are two piles of matches; one pile contains 10 matches and the other contains
7. A player can take one match from the first pile, or one match from the second pile, or one match
from each of the two piles. Whoever takes the last match wins.



Writing a 20-digit Number. Alice and Bob produce a 20-digit number, writing one digit at a time
from left to right. Alice wins if the number they get is not divisible by 3; Bob wins if the number is
divisible by 3.

Writing another 20-digit Number. What if the 3 in the previous game is replaced by 15?

Diagonals in a Polygon. Given a convex n-gon, players take turns drawing diagonals that do not inter-
sect those diagonals that have already been drawn. The player unable to draw a diagonal loses.

Reducing by Divisors. At the start of the game, the number 60 is written on the paper. At each turn,
a player can reduce the last number written by any of its positive divisors. If the resulting number
is a 0, the player loses.

Multiplying to 1000. Alice calls out any integer between 2 and 9, Bob multiplies it by any integer
between 2 and 9, then Alice multiplies the new number by any integer between 2 and 9, and so on.
The player who first gets a number bigger than 1000 wins.

Squares and Circles. In this game, one person plays Squares and the other person plays Circles. Start
with an initial row of circles and squares. On each turn, a player can either replace two adjacent
squares with a square, replace two adjacent circles with a square, or replace a circle and a square
with a circle. The Squares player wins if the last shape is a square and the Circles player wins if the
last shape is a circle.

Negative to Positive. There are a number of minuses written in a long line. A player replaces either
one minus by a plus or two adjacent minuses by two pluses. The player who replaces the last minus
wins.

A Circle of Negativity. Same game as above except that the minuses are written around a circle.

Number Cards. There are nine cards on a table labeled by numbers 1 through 9. Alice and Bob take
turns choosing one card. The first player who acquires three cards that total 15 wins.

Puppies and Kittens. Start with 7 kittens and 10 puppies in the animal shelter. A legal move is to
adopt any positive number of puppies (but no kittens), to adopt any positive number of kittens (but
no puppies), or to adopt an equal number of both puppies and kittens. Whoever adopts the last pet
wins.

Splitting Stacks. A game is played with two players and an initial stack of n pennies (n ≥ 3). The
players take turns choosing one of the stacks of pennies on the table and splitting it into two stacks.
When a player makes a move that causes all the stacks to be of height 1 or 2 at the end of his or her
turn, that player wins. Which starting values of n are wins for each player?

The Rolling Die. Start by rolling a six-sided die and choose a goal number (31 for example). On their
turns, players turn the die to any adjacent side and add the result to the die. A player may not
repeat the number already up and may not flip the die 180 degrees to get the opposite number. The
player who either attains the goal number or forces their opponent over the goal number wins.

Classic Nim. Start with several piles of stones. A legal move consists of removing one or more stones
from any one pile. The person who removes the last stone wins.

1. What happens if there is only one pile?

2. If the game has only two piles, what is the winning strategy?

3. What if the game starts with three piles of 17, 11, and 8 stones?

4. What is the general strategy for winning Classic Nim games no matter how many piles there
are?



Open Games For Research Projects
During the November 2013 Unsolved K-12 conference in Banff, Alberta, Canada, Richard Guy announced
that the following questions are unsolved to the best of his knowledge.

• Triomino covering game. Start with a certain number of adjacent squares in a row. Each player takes
turns covering three adjacent squares with a triomino. Whoever makes the last possible move wins.
Richard believes that no general strategy has been found for winning this kind of game.

• Splitting piles with no duplication game. Start with one pile of beans. A legal move consists of
splitting the pile into two piles where neither new pile contains the same number of beans as an
existing pile. Whoever makes the last legal move wins.


